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ON THE STRONG EQUALITY BETWEEN
SUPERCOMPACTNESS AND STRONG COMPACTNESS

ARTHUR W. APTER AND SAHARON SHELAH

ABSTRACT. We show that supercompactness and strong compactness can be
equivalent even as properties of pairs of regular cardinals. Specifically, we show
that if V = ZFC + GCH is a given model (which in interesting cases contains
instances of supercompactness), then there is some cardinal and cofinality
preserving generic extension V|G| = ZFC + GCH in which, (a) (preservation)
for k < X regular, if V = “k is X supercompact”, then V[G] | “k is A
supercompact” and so that, (b) (equivalence) for k < A regular, V[G] |E “k is
A strongly compact” iff V[G] | “k is A supercompact”, except possibly if k is
a measurable limit of cardinals which are A supercompact.

0. INTRODUCTION AND PRELIMINARIES

It is a well known fact that the notion of strongly compact cardinal represents
a singularity in the hierarchy of large cardinals. The work of Magidor [Mal] shows
that the least strongly compact cardinal and the least supercompact cardinal can
coincide, but also, the least strongly compact cardinal and the least measurable
cardinal can coincide. The work of Kimchi and Magidor [KiM] generalizes this,
showing that the class of strongly compact cardinals and the class of supercompact
cardinals can coincide (except by results of Menas [Me| and [A] at certain measur-
able limits of supercompact cardinals), and the first n strongly compact cardinals
(for n a natural number) and the first n measurable cardinals can coincide. Thus,
the precise identity of certain members of the class of strongly compact cardinals
cannot be ascertained vis a vis the class of measurable cardinals or the class of
supercompact cardinals.

An interesting aspect of the proofs of both [Mal] and [KiM] is that in each result,
all “bad” instances of strong compactness are not obliterated. Specifically, in each
model, since the strategy employed in destroying strongly compact cardinals which
aren’t also supercompact is to make them non-strongly compact after a certain point
either by adding a Prikry sequence or a non-reflecting stationary set of ordinals of
the appropriate cofinality, there may be cardinals x and A so that x is A strongly
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compact yet x isn’t A supercompact. Thus, whereas it was proven by Kimchi
and Magidor that the classes of strongly compact and supercompact cardinals can
coincide (with the exceptions noted above), it was not known whether a “local”
version of this were possible, i.e., if it were possible to obtain a model in which, for
the class of pairs (k,\), k is A strongly compact iff k is A supercompact. This is
more delicate.

The purpose of this paper is to answer the above question in the affirmative.
Specifically, we prove the following

Theorem. Suppose V |= ZFC + GCH is a given model (which in interesting cases
contains instances of supercompactness). There is then some cardinal and cofinality
preserving generic extension V|G]| = ZFC + GCH in which:

(a) (Preservation) For k < X reqular, if V |= “k is X supercompact”, then V[G]
“k 18 A supercompact”. The converse implication holds except possibly when k =
sup{é < K : 6 is \ supercompact}.

(b) (Equivalence) For k < X regular, V[G] = “k is A strongly compact” iff
VIG] & “k is A supercompact”, except possibly if k is a measurable limit of cardinals
which are A supercompact.

Note that the limitation given in (b) above is reasonable, since trivially, if & is
measurable, k < A, and k = sup{6 < k : 6 is either \ supercompact or A strongly
compact}, then k is A strongly compact. Further, it is a theorem of Menas [Me]
that under GCH, for s the first, second, third, or ath for @ < x measurable limit
of cardinals which are x* strongly compact or x* supercompact, x is T strongly
compact yet k isn’t kT supercompact. Thus, if there are sufficiently large cardinals
in the universe, it will never be possible to have a complete coincidence between the
notions of x being A strongly compact and x being A supercompact for A a regular
cardinal.

Note that in the statement of our Theorem, we do not mention what happens if
A > k is a singular cardinal. This is since the behavior when A > « is a singular
cardinal is provable in ZFC + GCH (which implies any limit cardinal is a strong
limit cardinal). Specifically, if A > & is so that cof(\) < &, then by a theorem of
Magidor [Ma3], « is A supercompact iff £ is At supercompact, so automatically, by
clause (a) of our Theorem, A supercompactness is preserved between V and V[G].
Also, if A > & is so that cof(\) < &, then by a theorem of Solovay [SRK], x is A
strongly compact iff x is AT strongly compact, so by clause (b) of our Theorem, it
can never be the case that V[G] = “k is A strongly compact” unless V[G] | “k is
A supercompact” as well. Further, if A > & is so that A > cof(\) > &, then it is not
too difficult to see (and will be shown in Section 2) that if k is A’ strongly compact
or X supercompact for all N’ < A, then x is A strongly compact, and there is no
reason to believe k must be A supercompact. In fact, it is a theorem of Magidor
[Mad] (irrespective of GCH) that if 4 is a supercompact cardinal, there will always
be many cardinals k, A < p so that A > & is a singular cardinal of cofinality > &, k is
A strongly compact, x is A’ supercompact for all A’ < A, yet k isn’t A supercompact.
Thus, there can never be a complete coincidence between the notions of x being
A strongly compact and x being A supercompact if A > k is an arbitrary cardinal,
assuming there are supercompact cardinals in the universe.

The structure of this paper is as follows. Section 0 contains our introductory
comments and preliminary material concerning notation, terminology, etc. Section
1 defines and discusses the basic properties of the forcing notion used in the iteration
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we employ to construct our final model. Section 2 gives a complete statement and
proof of the theorem of Magidor mentioned in the above paragraph and proves our
Theorem in the case for which there is one supercompact cardinal x in the universe
which contains no strongly inaccessible cardinals above it. Section 3 shows how the
ideas of Section 2 can be used to prove the Theorem in the general case. Section 4
contains our concluding remarks.

Before beginning the material of Section 1, we briefly mention some preliminary
information. Essentially, our notation and terminology are standard, and when this
is not the case, this will be clearly noted. We take this opportunity to mention we
will be assuming GCH throughout the course of this paper. For a < @ ordinals,
[, B, [e, B), (e, B], and («, 3) are as in standard interval notation. If f is the
characteristic function of a set  C «, then z = {5 : f(8) = 1}.

When forcing, ¢ > p will mean that ¢ is stronger than p. For P a partial ordering,
¢ a formula in the forcing language with respect to P, and p € P, p|l¢ will mean p
decides ¢. For G V-generic over P, we will use both V[G] and V¥ to indicate the
universe obtained by forcing with P. If z € V[G], then ¢ will be a term in V for z.
We may, from time to time, confuse terms with the sets they denote and write x
when we actually mean #, especially when « is some variant of the generic set G.

If k is a cardinal, then for P a partial ordering, P is (k, co)-distributive if for

any sequence (D, : a < k) of dense open subsets of P, D = () D, is a dense
a<k
open subset of P. P is k-closed if given a sequence (p, : a < k) of elements of P

so that 8 < v < k implies pg < p, (an increasing chain of length «), then there
is some p € P (an upper bound to this chain) so that p, < p for all @« < k. P
is < k-closed if P is é-closed for all cardinals § < k. P is k-directed closed if for
every cardinal § < k and every directed set (po : @ < 8) of elements of P (where
(Pa © a < 8) is directed if for every two distinct elements p,,p, € (po @ a < §),
pp and p, have a common upper bound) there is an upper bound p € P. P is
k-strategically closed if in the two person game in which the players construct an
increasing sequence (p, : a < k), where player I plays odd stages and player II
plays even and limit stages, then player II has a strategy which ensures the game
can always be continued. P is < k-strategically closed if P is é-strategically closed
for all cardinals 6§ < k. P is < k-strategically closed if in the two person game
in which the players construct an increasing sequence (p, : @ < k), where player
I plays odd stages and player II plays even and limit stages, then player II has a
strategy which ensures the game can always be continued. Note that trivially, if
P is k-closed, then P is k-strategically closed and < k'-strategically closed. The
converse of both of these facts is false.

For k a regular cardinal, two partial orderings to which we will refer quite a
bit are the standard partial orderings Q° for adding a Cohen subset to kT using
conditions having support x and QL for adding k™ many Cohen subsets to x using
conditions having support < k. The basic properties and explicit definitions of
these partial orderings may be found in [J].

Finally, we mention that we are assuming complete familiarity with the notions of
strong compactness and supercompactness. Interested readers may consult [SRK]
or [KaM] for further details. We note only that all elementary embeddings witness-
ing the A supercompactness of k are presumed to come from some fine, k-complete,
normal ultrafilter U over P, (A\) = {x C X : |z| < k}. Also, where appropriate, all
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ultrapowers via a supercompact ultrafilter over P, (\) will be confused with their
transitive isomorphs.

1. THE FORCING CONDITIONS

In this section, we describe and prove the basic properties of the forcing condi-
tions we shall use in our later iteration. Let 6 < A, A > N; be regular cardinals in
our ground model V.

We define three notions of forcing. Our first notion of forcing Pgo) 5 is just the
standard notion of forcing for adding a non-reflecting stationary set of ordinals of
cofinality 6 to AT. Specifically, P50)>\ = {p: For some a < \T, p:a — {0,1}
is a characteristic function of S,, a subset of o not stationary at its supremum
nor having any initial segment which is stationary at its supremum, so that 3 € S,
implies § > ¢ and cof(§) = 6}, ordered by ¢ > piff ¢ D p and S, = SyNsup(Sy), i.e.,
S, is an end extension of Sy It is well-known that for G V-generic over Py, (see [Bu]
or [KiM]), in V[G], a non-reflecting stationary set S = S[G] = J{S, : p € G} C A"
of ordinals of cofinality § has been introduced, the bounded subsets of A™ are the
same as those in V, and cardinals, cofinalities, and GCH have been preserved. It
is also virtually immediate that P507 5 is 6-directed closed.

Work now in V; = VI ;37 letting S be a term always forced to denote the above
set S. P52) ,[5] is the standard notion of forcing for introducing a club set C' which
is disjoint to S (and therefore makes S non-stationary). Specifically, P(% ASl={p:
For some successor ordinal & < AT, p: @ — {0, 1} is a characteristic function of C,,
a club subset of «, so that C, NS = (0}, ordered by ¢ > p iff C; is an end extension
of Cp. Tt is again well-known (see [MS]) that for H Vi-generic over PZ,[S], a club
set C = C[H] = J{Cp : p € H} C A" which is disjoint to S has been introduced,
the bounded subsets of AT are the same as those in V;, and cardinals, cofinalities,
and GCH have been preserved.

Before defining in V; the partial ordering P51) A[S] which will be used to destroy
strong compactness, we first prove two preliminary lemmas.

Lemma 1. HfPéJA “&(S)7, i.e., Vi |= “There is a sequence (xo : v € S) so that for

+
each a € S, o C « is cofinal in o, and for any A € [)\"’]A ,{ae Sz, C A} is
stationary”.

Proof of Lemma 1. Since V = GCH and V and V; contain the same bounded
subsets of AT, we can let (y, : @ < AT) € V be a listing of all elements z €
([)\+]5)V = ([)\"’]5)‘/1 so that each = € [)ﬁ‘]é appears on this list AT times at
ordinals of cofinality 8, i.e., for any z € [A*]é, AT = sup{a < AT : cof(a) = § and
Yo = x}. This then allows us to define (zo : a € S) by letting z, be yg for the
least 8 € S — (a+1) so that yg C « and yg is unbounded in «. By genericity, each
T 1s well-defined.

Now let p € P, be so that p|}- “A € [)\*’]A+ and K C AT is club”. We show
that for some r > p and some ¢ < AT, 7| “C € KNS and ¢ € A”. To do
this, we inductively define an increasing sequence (p, : @ < 6) of elements of Pgo) A\
and increasing sequences (B, : a < 8) and (v, : @ < &) of ordinals < AT so that
Bo<vm <P <1< < Ba <9 <o (o < 0). We begin by letting po = p
and By = 70 = 0. For n = o+ 1 < 6 a successor, let p, > p, and 5, < 7y,
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B, >max(Ba; Yo, sup(dom(p,))) + 1 be so that p,|-“B, € A and v, € K”. For

p < 6 alimit, let p, = U pa, Bp = U Ba, and 7, = |J 7. Note that since
a<p a<p a<p

p < 6, pp is well-defined, and since 6 < A*, 3,,7, < A*. Also, by construction,

U Ba = U e = U sup(dom(p,)) < A*. Call ¢ this common sup. We thus have
a<é a<é a<é

that ¢ = |J paU{(} is a well-defined condition, so that g|- “{8s : @ € §—{0}} C A
a<d

and ( € KN&S”.

To complete the proof of Lemma 1, we know that as (8, : « € 6 — {0}) € V and
as each y € (Yo : @ < AT) must appear AT times at ordinals of cofinality §, we can
find some 1 € (¢,A\") so that cof(n) = ¢ and (B, : @ € 6 — {0}) = y,,. If we let
r > q be so that 7|- “S N [¢,n] = {¢,n}”, then r|| “&¢ =y, = (B : a € 6 — {0})".
This proves Lemma 1. [J Lemma 1

We fix now in V; a &(S5) sequence X = (x4 : « € S).

Lemma 2. Let S’ be an initial segment of S so that S’ is not stationary at its
supremum nor has any initial segment which is stationary at its supremum. There
is then a sequence (yo : o € S') so that for every o € S’ yo C T, To — Yo 1S
bounded in o, and if a1 # as € S’, then Yo, N Ya, = 0.

Proof of Lemma 2. We define by induction on a@ < a9p = sup S’ + 1 a function h,,
so that dom(he) = S’ Na, ha(B) < B, and (zg — ho(B) : B € S’ Na) is pairwise
disjoint. The sequence (zg — hq,(8) : B € S’) will be our desired sequence.

If « = 0, then we take h, to be the empty function. If « = 3+ 1 and 5 ¢ 5,
then we take hq = hg. If a = 4+ 1 and § € S’, then we notice that since each
x, € X has order type 6 and is cofinal in ~, for all v € S' N 3, xg N~y is bounded
in . This allows us to define a function h, having domain S’ N« by h,(8) = 0,
and for v € S'N B, ha(y) = min({p : p < 7, p > hg(y), and zg N~y C p}).
By the next to last sentence and the induction hypothesis on hg, ho(y) < 7.
And, if 1 < v2 € S’ Na, then if v9 < B, (x4, — ha(11)) N (T4, — ha(y2)) C
(x4, —hg(11)) N (24, — ha(y2)) = 0 by the induction hypothesis on hg. If y5 = 3,
then (24, — ha(11)) N (24, — ha(72)) = (24, — ha(11)) Nz, = 0 by the definition
of ha(v1). The sequence (zy — ho(7y) : v € S’ Na) is thus as desired.

If « is a limit ordinal, then as S’ is non-stationary at its supremum nor has
any initial segment which is stationary at its supremum, we can let (G, : v <
cof(a)) be a strictly increasing, continuous sequence having sup « so that for all
v < cof(a), By € S’. Thus, if p € S’ Na, then {B, : By < p} is bounded in
p, meaning we can find some largest v so that 8, < p. It is also the case that
p < By41. This allows us to define ho(p) = max({hg. ,,(p),3,}) for the v just
described. It is still the case that ha(p) < p. And, if p1,p2 € (By,By+1), then
(xpl - ha(p1>) N (xpz - ha(pQ)) C (xpl - h57+1(p1)) N (xpz - hﬁ~,+1(p2)) =0 by
the definition of hg ,,. If p1 € (8,,6y41), p2 € (Bs,Bo41) With v < o, then
(@py = halp1)) N (0, —halp2)) € o, N(2p, = B5) € p1=Bo C p1—By41 = 0. Thus,
the sequence (z, — ha(p) : p € S’ N ) is again as desired. This proves Lemma 2.

U Lemma 2

At this point, we are in a position to define in V; the partial ordering Pgl) NES
which will be used to destroy strong compactness. Pg,[S] is now the set of all
4-tuples (w, o, 7, Z) satisfying the following properties.
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1. we A<
a < A
3. 7= (r; : i € w) is a sequence of functions from « to {0, 1}, i.e., a sequence of
subsets of a.
4. Z C{xp: B € S} is a set so that if z € Z, then for some y € [w]é, y C z and
z —y is bounded in the § so that z = z3.
Note that the definition of Z implies |Z] < A.
The ordering on Pj,[S] is given by (w',a',7,Z") < (w? a? 7, Z%) iff the
following hold.
1. w! C w?.
ol < a?.
If i € w!, then r} Cr2.
ztc z2.
IfzeZn [w1]5 and a1 < a < as, then

Hicz:r2(a) =0} =|{i€z:r}(a) =1} =6.

[\

CU

IfW = ((w?, 08,78, ZP) 5 <s) is a directed set of elements of P(%A[S], then since
by the regularity of § any & sequence from |J w” must contain a § sequence from
B<y
w? for some 3 < 7, it can easily be verified that ( J w®, U o?, U 7, U Z°)
B<y B<y By B<y
is an upper bound for each element of W. (Here, if #® = (r’ : i € w?), then
e Urfifie Yw’andr, = |J Tf, taking Tf = () if i ¢ w”.) This means
B<y B<y B<y
P§,[S] is 6-directed closed.

At this point, a few intuitive remarks are in order. If k is A strongly compact
for A > k regular, then it must be the case (see [SRK]) that A carries a k-additive
uniform ultrafilter. If § < k < A, the forcing P} ,[S] has specifically been designed
to destroy this fact. It has been designed, however, to destroy the A strong com-
pactness of x “as lightly as possible”, making little damage. In the case of the
argument of [KiM], the non-reflecting stationary set S is added directly to A in
order to kill the A strong compactness of k. In our situation, the non-reflecting
stationary set S, having been added to AT and not to ), does not kill the X strong
compactness of x by itself. The additional forcing Pj ,[S] is necessary to do the
job. The forcing P§17 1[S], however, has been designed so that if necessary, we can

resurrect the A supercompactness of x by forcing further with P52) NEJE

1
s . .

Lemma 3. le‘”[ ] E “k is not \ strongly compact” if § <k < .

Remark. Since we will only be concerned in general with the case when & is strongly
inaccessible and § < k < A, we assume without loss of generality that this is the
case throughout the rest of the paper.

1
s .

Proof of Lemma 3. Assume to the contrary that le‘“[ ! E “k is A strongly com-
pact”, and by our earlier remarks, let p||- “D is a k-additive uniform ultrafilter over
N?. We show that p can be extended to a condition g so that for some ordinal

a? < X\ and some § sequence (s; : i < ¢) of D measure 1 sets, g|l “[) $; € a?”, an
i<
immediate contradiction.
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We use a A-system argument to establish this. First, for G; Vi-generic over
Piy[S] and @ < At et rf = U{r} : Fp = (wP,a?, 7P, 2ZP) € Gi[r] € ]} Tt is
%

the case that |- P T A {0,1} is a function whose domain is all of \”.

To see this, for p = (wP,aP, 7P, ZP), since |ZP| < A\, wP € [A*]O, and z € ZP
implies z € [)\+]5, the condition ¢ = (w?, 4,7, Z9) given by a? = oP, Z9 = Z?,
wl=wPU|J{z:2z € ZP}, and 7 = (r} : i € w?) defined by r; = r; if i € wP and 7}
is the empty function if i € w? —w? is a well-defined condition. (This just means we
may as well assume that for p = (w?, a?, 7, ZP), z € ZP implies z C wP.) Further,
since |Z9) < A\, {8 : 3z € Z%z = x5]} = v < A\T. Therefore, if v’ € (v,A") and
S’ C ~' is so that sup S’ = +' and S’ is an initial segment of S so that S’ is not
stationary at its supremum nor has any initial segment which is stationary at its
supremum, then by Lemma 2, there is a sequence (yg : § € S’) so that for every
BeS, ys Cap, g — yp is bounded in 3, and if 51 # B2 € S, then yg, Nyg, = 0.
This means that if z € Z? and z = x for some (3, then yg C w.

Choose now for 5 € S’ sets yé and y% so that yg = yé U yg, yé N y% = (), and
lysl = ly3| = 6. If p € (a9, A), then for each 3 so that 25 € Z% and for each r} € 7
such that i € yg, we can extend r} to i’ : p — {0, 1} by letting r/'|a? = r}|a?, and
for a € [a9,p), r{() = 0if i € yj and /(a) = 1if i € y3. For i € w so that
there is no § with 23 € Z? and i € yg, we extend r; to r} : p — {0,1} by letting
ri|la? = rf|ad, and for a € [a%,p), r/(a) = 0. If we let 5 = (r{ : i € w?), then
t = (w9, p,5,79) can be verified to be such that ¢ is well-defined and t > g > p.
We have therefore shown by density that ||- P[] “r*¥ — {0,1} is a function whose
domain is all of \”. Thus, we can let 7{ = {a < X\ : 7 (a) = £} for £ € {0,1}.

For each i < AT, pick p; = (wPi,aPi, 7Pi ZPi) > p so that p;|- “ff(l) e D for
some £(i) € {0,1}. This is possible since |- Py (s) For each i < AT AUl =\
Without loss of generality, by extending p; if necessary, we can assume that ¢ €
wPi. Thus, since each wPi € [AT]<*, we can find some stationary A C {i < AT :
cof(i) = A} so that {wP' : i € A} forms a A-system, i.e., so that for ¢ # j € A,
wPiNwPi is some constant value w which is an initial segment of both. (Note we can
assume that for i € A, w; Ni = w, and for some fixed £(x) € {0,1}, for every i € A,
pil “ff(*) € D”.) Also, by clause 4) of the definition of the forcing, |Z?!| < X for
each i < A\*. Therefore, ZP¢ € [[AT]?]<*, s0 as [[A\*]°| = AT by GCH, the same sort
of A-system argument allows us to assume in addition that for all i € A, ZP NP (w)
is some constant value Z. Further, since each aP* < )\, we can assume that o
is some constant a° for i € A. Then, since any 7 = (r; : j € wP) for i € A is
composed of a sequence of functions from ag to 2, ag < A, and |w| < A, GCH allows
us to conclude that for i # j € A, ™i|lw = 77 |w. And, since i € wPi, we know
that we can also assume (by thinning A if necessary) that B = {sup(w??) : i € A}
is so that ¢ < j € A implies ¢ < sup(wP?) < min(wPi — w) < sup(wPi). We know
in addition by the choice of X = (x5 : § € S) that for some v € S, 2, C A. Let
$V={i5:ﬂ<(5}.

We are now in a position to define the condition g referred to earlier. We proceed

by defining each of the four coordinates of g. First, let w? = [J w”#. As X and
B<é

AT are regular, § < A, and each wPs € [A*]<}, w? is well-defined and in [A*]<™.
Second, let a? = . Third, let # = (r? : i € w?) be defined by r? = r, * if
i € w”s. The property of the A-system that i # j € A implies 7Pi|w = 7P |w tells
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us 79 is well defined. Finally, to define Z9, let Z9 = |J Z% U{{ig: 3 < 6}}. By the
B<6

last three sentences in the preceding paragraph and our construction, {ig: 5 < 6}

generates a new set which can be included in Z?, and Z9 is well-defined.

We claim now that ¢ > p is so that g|-“ ffé*) C a?”. To see this, assume
B<6

the claim fails. This means that for some ¢! > ¢ and some a? < n < X, ¢*| “n €

N ff;*)”. Without loss of generality, since ¢! can always be extended if necessary,
B<6

we can assume that < o' . But then, by the definition of <, for § many § < 6,
g “n ¢ ff;*)”, an immediate contradiction. Thus, ¢ “ ffé*) C a?”, which,
B<é

since § < k, contradicts that g|“ ffé*) € D and D is a s-additive uniform
B<é
ultrafilter over A”. This proves Lemma 3. U Lemma 3

Recall we mentioned prior to the proof of Lemma 3 that Pg)A[S] is designed
so that a further forcing with P52) A[S] will resurrect the A supercompactness of &,
assuming the correct iteration has been done. That this is so will be shown in the
next section. In the meantime, we give an idea of why this will happen by showing
that the forcing Py * (Py NEIES P? ,[S]) is rather nice. Specifically, we have the
following lemma.

Lemma 4. PY, x (P,[S] x P2,[S]) is equivalent to QS * Q.

Proof of Lemma 4. Let G be V-generic over PY, = (P},[S] x P2,[S]), with GY ,,
Gj \» and G, the projections onto Py, Py ,[S], and/Pg))\[S] respectively. Each
G5, is appropriately generic. So, since Py ,[S] x P§,[S] is a product in V[G3 ],
we can rewrite the forcing in V[GY,] as /P52)>\[S] x P§,[S] and rewrite V[G]/as
VIGLIIGE G |

It is well-known (see [MS]) that the forcing P507 /\*Pg 4 [S] is equivalent to QY. That
this is so can be seen from the fact that Pgo) 3 * P52) }\[S] is non-trivial, has cardinality
AT, and is such that D = {(p,q) € Py, * P(%A[S] : For some «, dom(p) = dom(q) =
a+1,p|l “a¢ S”, and ¢| “a € C”} is dense in Py * P2,[S] and is A-closed. This
easily implies the desired equivalence. Thus, V' and V[C’g A\I[G3 \] have the same
cardinals and cofinalities, and the proof of Lemma 4 will be complete once we show
that in V[GY,](G3 \], Py [S] is equivalent to Q3.

To this end, working in V[GY ,][G3 ], we first note that as S C AT is now a non-
stationary set all of whose initial segments are non-stationary, by Lemma 2, for the
sequence (xg : f € §), there must be a sequence (ys : 8 € S) so that for every
B €S, ys Cxg, x3 —yg is bounded in G, and if By # B2 € S, then ys, Nyz, = 0.
Given this fact, it is easy to observe that P! = {(w,a,7, Z) € Pg,[S] : For every
B € S, either yg € w or yg Nw = 0} is dense in Py ,[S]. To show this, given
(w, o, 7, Z) € P{,[S], 7= (rizicw), let Y, ={y € (ys: B€S) :ynw#0}. As
lw| < X and yg, Nyg, = 0 for B1 # B2 € S, Y| < A\. Hence, as |y| = § < A for
y €Yy, |w'| < Afor w = wU(JYy). This means (v, o, 7, Z) for ¥ = (r} : i € w')
defined by 7} = r; if ¢ € w and 7} is the empty function if ¢ € w' — w is a well-
defined condition extending (w, a, 7, Z). Thus, P! is dense in Pg)A[S], S0 to analyze
the forcing properties of P51) ,[9], it suffices to analyze the forcing properties of P!.
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For B € S, let Qg = {{w,a,7,Z) € P : w = yg}, and let Q' = {(w,a,7,7Z) €

Pl :w C At — Uyp}. Let Q" be those elements of H Qs x Q' of support

BesS BesS
< X under the product ordering. Adopting the notation of Lemma 3, given p =
({(gg : B € A),q) € Q" where A C S and |4] < A, as |A] < A and A is regular,
a =sup{a® : 8 € A} Ua? < A, so without loss of generality, each gz and ¢
can be extended to conditions gj; and ¢’ so that a occurs in g and ¢’. This
means Q@ = {p=(g: B <y <A €Q":a¥ =¥ for 8 and (' different
coordinates of p} is dense in @Q”, so @ and Q" are forcing equivalent. Then, for
p=(lgg: B € A),q) € Q where A C S and |4] < A, as w9 N w2 = () for
B1# B2 € A (ys Nyg, = 0), w Nw? =0, a% = %2 = i for 31 # P2 € A,
the domains of any two 7461, 792 are disjoint for 8y # B2 € A, Z9%1 N Z%> = () for
B1 # B2 € A, the domains of 7% and 79 are disjoint for 3 € A, and Z9% NZ49 = () for
B € A, the function F(p) = ( |J w®Uw?, o, | 79°UTY, |J Z9UZ?) can easily be
BEA BEA BEA

seen to yield an isomorphism between @ and P'. Thus, over V[G} \][G3 ,], forcing
with P!, P517/\[S’], Q, and Q" are all equivalent.

We examine now in more detail the exact nature of Q”. For 8 € S, GCH shows
|Qs| = A. It quickly follows from the definition of Qg that Qg is < A-closed, so
Qg is forcing equivalent to adding a Cohen subset to A. Since the definitions of
Pg,[S] and P! ensure that for (w,a, 7, Z) € Q', Z = 0 (for every § € S, wNyz = 0,
ys C x3, and 3 —yg is bounded in §), Q' can easily be seen to be a re-representation
of the Cohen forcing where instead of working with functions whose domains have
cardinality < X and are subsets of A x AT, we work with functions whose domains
have cardinality < A and are subsets of A x (AT — | yg). Thus, Q" is isomorphic to

pges

a Cohen forcing using functions having domains of cardinality < A which adds A™
many Cohen subsets to A. By the last sentence of the last paragraph, this means
that over V[GY,][G2,], the forcings P}, [S] and Q3 are equivalent. This proves
Lemma 4. ) / / O Lemma 4

As we noted in the proof of Lemma 4, without the last coordinate Z? of a
condition p € Py, [S] and the associated condition on the ordering, Py ,[S] is just
a re-representation of Q}\ This last coordinate and change in the ordering are
necessary to destroy the A strong compactness of x when forcing with P51) NEJE
Once the fact S is stationary has been destroyed by forcing with P527 1[S5], Lemma
4 shows that this last coordinate Z? of a condition p € P} ,[S] and change in the
ordering in a sense become irrelevant. )

It is clear from Lemma 4 that P (P}, [S]x PZ,[5]), being equivalent to Q3 +Q},
preserves GCH, cardinals, and cofinalities, and has a dense subset which is < A-
closed and satisfies A\**-c.c. Our next lemma shows that the forcing Py, * Py NEl
is also rather nice.

Lemma 5. P507>\ * P(S{)\[S] preserves GCH, cardinals, and cofinalities, is < A-strate-
gically closed, and is Xt T -c.c.

Proof of Lemma 5. Let G' = GY , x G} , be V-generic over PY, x P§[S], and let
G3 ,, be V[G']-generic over P§,[S]. Thus, G’ x G3 , = G is V-generic over Py, *
(P¢517,\[S] * P&%A[S]) = P\ * (Pgl,x[g] X P527,\[S])- By Lemma 4, V[G] |= GCH and
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has the same cardinals and cofinalities as V, so since V[G'] C V[G], forcing with
Py x Psl, A[S] over V preserves GCH, cardinals, and cofinalities.

We next show the < A-strategic closure of P{, = P} [S]. We first note that
as (PP, = P§,[S])  P2,[S] = P?, * (P£,[5] * P2,[5]) has by Lemma 4 a dense
subset which is < A-closed, the desired fact follows from the more general fact
that if P % Q is a partial ordering with a dense subset R so that R is < A-closed,
then P is < A-strategically closed. To show this more general fact, let v < A be
a cardinal. Suppose I and II play to build an increasing chain of elements of P,
with (pg : B8 < a + 1) enumerating all plays by I and II through an odd stage
a+1land (¢s: 0 < a+1 and § is even or a limit ordinal) enumerating a set
of auxiliary plays by II which have been chosen so that ((ps,gs) : B < a+1
and 3 is even or a limit ordinal) enumerates an increasing chain of elements of
the dense subset R C P x Q At stage a + 2, II chooses (pa+t2,dat2) SO that
(Pat2,Gar2) € R and so that (pat2,Gat2) = (Pat1,da); this makes sense, since
inductively, (pa, ) € R C PxQ, so as I has chosen pas+1 > Pas (Pat1s o) € P*Q.
By the < A-closure of R, at any limit stage n < ~, II can choose (p, ¢,) so that
(Py> dy) is an upper bound to ((pg,q¢s) : f < n and [ is even or a limit ordinal).
The preceding yields a winning strategy for 11, so P is < A-strategically closed.

Finally, to show Py, * Py 4 [S] is ATF-c.c., we simply note that this follows from

the general fact about iterated forcing (see [Ba]) that if P % @ satisfies AT +-c.c.,
then P satisfies \**-c.c. (Here, P = Py, * P ,[S] and Q = P§,[S].) This proves
Lemma 5. O Lemma 5

We remark that || P, “Pg)A[S"] is AT-c.c.”, for if A= (po : @ < A1) were a size
AT antichain of elements of Pg,[S] in V[GY,], then as V[GY,] and V[G} ,][GF ,]
have the same cardinals, A would be a size A* antichain of elements of P(;l) A[S] in
VI[G3,][G \]. By Lemma 4, in this model, a dense subset of Pj ,[S] is isomorphic
to Q}, which has the same definition in either V[G} ,] or V[Gg MIGE ] (since Pg N
is A-strategically closed and P2, = P2,[S] is A-closed) and so is A*-c.c. in either
model.

We conclude this section with a lemma which will be used later in showing that
it is possible to extend certain elementary embeddings witnessing the appropriate
degree of supercompactness.

1 2 1
Lemma 6. For V; = VPQ’*, the models leé’*[slxpé’*[s] and leé’*[sl

same A\ sequences of elements of V7.

contain the

Proof of Lemma 6. By Lemma 4, since PgA *P(%A[S] is equivalent to the forcing Q%
and V C VEa C VPQA*PK?’*[S.], the models V, VPE)A, and VEA*PEAIS) a1l contain
the same A\ sequences of elements of V. Thus, since a A sequence of elements of
v, =VF 5x can be represented by a V-term which is actually a function A : A — V,
it immediately follows that V'’ oa and VEsa*PoalS] contain the same sequences of
clements of V75, ) .

Now let f : A — V4 be so that f € (Vpgk*ng[S.])Pgﬁ[S] = le‘s’*[s]xp‘s’*[s], and let
g:A—Vi,g€ VPP AIS] e a term for J- By the previous paragraph, g € VFox,
Since Lemma 4 shows that Pj,[S] is AT-c.c. in VEAFEAIS] for each a < A, the

antichain A, defined in VZ5a*FixlS] by {p € Py ,[S] : p decides a value for g(a)} is
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so that VEor*Poals] E “|As] < A7. Hence, by the preceding paragraph, since A,
is a set of elements of VPLEA, A, € VEoA for each a < A. Therefore, again by the

preceding paragraph, the sequence (A, : a < \) € VE 5. This just means that the

. P,[S] . P}, IS .
term g € VFSx can be evaluated in Vi ol ], ie, feV 5181 i proves Lemma

6. O Lemma 6

2. THE CASE OF ONE SUPERCOMPACT CARDINAL
WITH NO LARGER INACCESSIBLES

In this section, we give a proof of our Theorem, starting from a model V for
“ZFC + GCH + There is one supercompact cardinal x and no A > k is inaccessi-
ble”. Before defining the forcing conditions used in the proof of this version of our
Theorem, we first give a proof of the theorem of Magidor mentioned in Section 0
which shows that if there is a supercompact cardinal, then there always must be
cardinals 6 < A so that 6 is A strongly compact yet 6 isn’t A supercompact.

Lemma 7 (Magidor [Mad]). Suppose & is a supercompact cardinal. Then B =
{6 < Kk :6 is As strongly compact for s the least singular strong limit cardinal > 6
of cofinality 6, 6 is not \s supercompact, yet § is a supercompact for all o < As} is
unbounded in k.

Proof of Lemma 7. Let A\, > k be the least singular strong limit cardinal of co-
finality x, and let j : V — M be an elementary embedding witnessing the A,
supercompactness of x with j(x) minimal. As j(k) is least, M &= “k is not A,
supercompact”. As M* C M and ), is a strong limit cardinal, M &= “x is a
supercompact for all a < k”.

Let p € V be a k-additive measure over k, and let (A, : @ < A.) be a sequence
of cardinals cofinal in A\, in both V and M. As M*~ C M and ) is a strong limit
cardinal, p € M. Also, as M |= “k is « supercompact for all « < \,”, the closure
properties of M allow us to find a sequence (u, : @ < k) € M so that M | “u, is
a fine, normal, k-additive ultrafilter over P,()\,)”. Thus, we can define in M the
collection p* of subsets of P(As) by A € pu* iff {a < Kk: A|Ag € po} € 1, where for
A C Pi(A), AlAa = {pPNPs(Aa) : p € A}. Tt is easily checked that p* defines in M
a k-additive fine ultrafilter over P.(\;). Thus, M = “k is « supercompact for all
a < Ak, K is not A\, supercompact, yet x is A, strongly compact”, so by reflection,
the set B of the hypothesis is unbounded in k. This proves Lemma 7. [ Lemma 7

We note that the proof of Lemma 7 goes through if As becomes the least singular
strong limit cardinal > § of cofinality 6T, of cofinality 67+, etc. To see this, observe
that the closure properties of M and the strong compactness of x ensure that ™,
KkTT, etc. each carry k-additive measures p,.+, p,++, etc. which are elements of
M. These measures may then be used in place of the p of Lemma 7 to define the
strongly compact measure p* over Pq(\y).

We return now to the proof of our Theorem. Let 6 = (8, : a < k) enumerate
the inaccessibles < k, with 6, = k. Note that since we are in the simple case in
which & is the only supercompact cardinal in the universe and has no inaccessibles
above it, we can assume each 6, isn’t 8,41 supercompact and for the least regular
cardinal A, > 6, so that V | “0, isn’t A, supercompact”, Ay < 6a+1. (If 6 were
the least cardinal so that ¢ is < 3 supercompact for § the least inaccessible > ¢ yet
6 isn’t [ supercompact, then V3 would provide the desired model.)



114 ARTHUR W. APTER AND SAHARON SHELAH

We are now in a position to define the partial ordering P used in the proof of the
Theorem. We define a « stage Easton support iteration Py = ((Py,Qq) : o < K),
and then define P = P, = PK*Q,{ for a certain class partial ordering ), definable
in V. The definition is as follows:

1. Py is trivial.

2. Assuming P, has been defined for o < K, Pyy1 = Py, * Qa, with Qa a term

for the full support iteration (PJ , * (P} \[SA] x P2 ,[S)]) : 67 < A < Aq and
A is regular) « (P, % P}, [S,]), where Sy is a term for the non-reflecting
stationary subset of AT introduced by P«B, 5 for A < A, and S A\, 18 a term for
the non-reflecting stationary subset of Af introduced by P) , .
3. Q. is a term for the Easton support iteration of (P \* (Pj)A[S,\] X Pj)A[S/\]) :
A > k is aregular cardinal), where as before, S is a term for the non-reflecting
stationary subset of AT introduced by PS, A-
The intuitive motivation behind the above definition is that below x at any inac-
cessible, we must first destroy and then resurrect all “good” instances of strong
compactness, i.e., those which also witness supercompactness, but then destroy
the least regular “bad” instance of strong compactness, thus destroying all “bad”
instances of strong compactness beyond the least “bad” instance. Since s is super-
compact, it has no “bad” instances of strong compactness, so all instances of ’s
supercompactness are destroyed and then resurrected.

Lemma 8. For G a V-generic class over P, V and V[G] have the same cardinals
and cofinalities, and V|G| = ZFC + GCH.

Proof of Lemma 8. Write G = G, x H, where G is V-generic over Py, and H is a
V[G]-generic class over Q.. We show V[G,][H] = ZFC, and by assuming for the
time being that V[G.] = GCH and has the same cardinals and cofinalities as V/,
we show V[G,][H] |E GCH and has the same cardinals and cofinalities as V[G,]
(and hence as V).

To do this, note that Q, is equivalent in V[G,] = V; to the Easton support
iteration of (QY * Q} : A > & is a regular cardinal), so we assume without loss of
generality that @ is in fact this ordering. Note also that as we are assuming  has
no inaccessibles above it, @), is in fact equivalent to the Easton support iteration
of (Q9 * Q) : X\ > & is a successor cardinal). We first show inductively that for any
successor cardinal 6+ > &, forcing over V; with the iteration of (Q9 * Q} : & < A <
6% and X is a successor cardinal) preserves cardinals, cofinalities, and GCH. If §
is regular (meaning ¢ is a successor cardinal since x has no inaccessibles above it),
then this iteration can be written as Qs * (Qg * Q}), where Q<5 is the iteration of
(Qg\ * Q}\ ik < A< 8 and \is a successor cardinal). By induction, forcing over V3
with () <s preserves cardinals, cofinalities, and GCH, so since forcing over V1Q<5 with
QY % Q} will preserve GCH and the cardinals and cofinalities of V1Q<5, forcing over
Vi with Qs * (QY * Q}) preserves cardinals, cofinalities, and GCH. If § is singular,
let v < & be a cardinal in V;, and write the iteration of (Q x Q& tk <A< 6T and
A is a successor cardinal) as Q.+ * Q27+, where Q.+ is as above and QE"Y+ isa
term in V; for the rest of the iteration; if v < &, then Q.+ is trivial and 027" is

+ . .
<77 | “yis a cardinal, 27 = T,

. Vi 9 Q<w+ w«>yt o 9 Q<w+*Q‘Z’Y+ W
and cof(y) = cof™ ()", so as V; E “Q=7 is y-closed”, V; E “yis

a term for the whole iteration. By induction, VlQ
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a cardinal, 27 = v*, and cof(y) = cof"t (7)” , i.e., GCH, cardinals, and cofinalities
below ¢ are preserved when forcing over V1 with Q.+ * Q27+. In addition, since
S
the last sentence shows any f : v — §or f : v — 67, f € Y@yt Q%7 , is
so that f € V1Q<”+ for arbitrary v < 6, the fact V1Q<7+ and V; have the same

5>yt
cardinals and cofinalities, together with the fact V1Q<”+*Q = “6 is a singular

limit of cardinals satisfying GCH” yields that forcing over Vi with Q.+ * QZV+
preserves 6 is a singular cardinal of the same cofinality as in Vi, 26 = 6T, and 67 is
a regular cardinal. Finally, as GCH in V; tells us Q.+ * Q=7"| = §*, forcing with

Qcrt * Q=" over V; preserves cardinals and cofinalities > 67+ and GCH > 6.
It is now easy to show Vo = V[G,][H] = ZFC + GCH and has the same cardinals

and cofinalities as V[G,] = V1. To show V, = GCH and has the same cardinals

and cofinalities as V3, let v again be a cardinal in Vi, and write Q. = Q<+ * Q,

where Q is a term in Vi for the rest of Q.. As before, V1Q<"+ E 427 = 47
and cof(v) = cof"* ()", so since V1Q<7+ E “Q is y-closed”, Vo |E “27 = 4T and

cof(y) = cof**(7)”, i.e., by the arbitrariness of v, Vo = GCH, and all cardinals of
V1, are cardinals of the same cofinality in V5. Finally, as all functions f : v — 6,

6 € V; some ordinal, f € V5 are so that f € V1Q<"+ by the last sentence, it is the
case Vo | Power Set, and since V2 = AC and Q, is an Easton support iteration,
by the usual arguments, the aforementioned fact implies V5 = Replacement. Thus,
Va E ZFC.

It remains to show that V[G,;] = GCH and has the same cardinals and cofinalities
as V. To do this, we first note that Easton support iterations of §-strategically
closed partial orderings are d-strategically closed for § any regular cardinal. The
proof is via induction. If R; is 0-strategically closed and [|- 5, “Ry is 6-strategically
closed”, then let p € Ry be so that p||- “g is a strategy for player II ensuring that
the game which produces an increasing chain of elements of Ry of length § can
always be continued for a < §”. If II begins by picking ro = (po, o) € Ry * Ry so
that pp > p has been chosen according to the strategy f for R; and pgll- “do has
been chosen according to ¢”, and at even stages a + 2 picks ro4+2 = (Pa+t2, dat2)
so that pe42 has been chosen according to f and is so that pay2|l “Ga+2 has been
chosen according to ¢”, then at limit stages A < 6, the chain rq = (pg,qo) <11 =
1,q1) < <ro = Pa,lda) < -+ (a < M) is so that I can find an upper bound
px for (po : a < A) using f. By construction, pl “(do : @ < A) is so that at
limit and even stages, IT has played according to ¢, so for some ¢y, pal “¢y is an
upper bound to (g, : @ < A)”, meaning the condition (py, ¢y) is as desired. These
methods, together with the usual proof at limit stages (see [Ba, Theorem 2.5]) that
the Easton support iteration of 6-closed partial orderings is é-closed, yield that 6-
strategic closure is preserved at limit stages of all of our Easton support iterations
of 6-strategically closed partial orderings. In addition, the ideas of this paragraph
will also show that Easton support iterations of < §T-strategically closed partial
orderings are < T -strategically closed for § any regular cardinal.

For a < k and Py41 = P, * Qa, since Ay < 8441, the definition of Q, in Ve
implies VI = “|Qq| < 8417 This fact, together with Lemma 5 and the definition
of Q4 in VP now yields the proof that V' e+1 = GCH and has the same cardinals
and cofinalities as V is virtually identical to the proof given in the first part of this
lemma that V5 = GCH and has the same cardinals and cofinalities as V1, replacing
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~v-closure with ~y-strategic closure, which also implies that the forcing adds no new
functions from v to the ground model.

If ) is a limit ordinal so that A = sup({é, : @ < A}) is singular, then, again, the
proof that V* = GCH and has the same cardinals and cofinalities as V is virtually
the same as the just referred to proof of the first part of this lemma for virtually
identical reasons as in the previous sentence, keeping in mind that since |P,| < 8,
inductively for a < A, |[Py| = A*. If A < & is a limit ordinal so that A = ), then
for cardinals v < ), the proof that VP = “y is a cardinal and cof(y) = cof” (v)”
is once more as before, as is the proof that VI = “27 = 47 for v < A. As again
|P,| < 60 < Mor ao < X, |Py| = A, so VA |= “yis a cardinal, cof(y) = cof¥ (), and
27 = ~1” for v > X a cardinal. Thus, V[G,] = GCH and has the same cardinals
and cofinalities as V. This proves Lemma 8. [0 Lemma 8

We now show that the intuitive motivation for the definition of P as set forth in
the paragraph immediately preceding the statement of Lemma 8 actually works.

Lemma 9. If § <~ and V |E “6 is v supercompact and ~y is reqular”, then for G
V-generic over P, V|G| = “6 is v supercompact”.

Proof of Lemma 9. Let j : V — M be an elementary embedding witnessing the ~y
supercompactness of ¢ so that M | “§ is not v supercompact”. For the aq so that
0 = oy, let P = P, *Qflo *Tao « R, where Q;O is a term for the full support iteration
of (P, (P} \[SA] x P2 ,[SA]) : 67 < A <y and X is regular), T,, is a term for the

rest of Qa,, and R is a term for the rest of P. We show that Va0 E 40 is y
supercompact”. This will suffice, since |- Pag Q) “Tp * R is y-strategically closed”,

so as the regularity of v and GCH in Y Pa0*Qaq imply VéQO*ng E “N]<e =47,
if VPe0*Qag = “6 is v supercompact”, then Y PaoQug Tag*R /P E “6is v
supercompact via any ultrafilter U € V7 w0 *Qag

To this end, we first note we will actually show that for G, *G',, the portion of G
V-generic over P, * Qfxo, the embedding j extends to k : V[Gq, * G\, | — M[H] for
some H C j(P). As (j(«) : @ <) € M, this will be enough to allow the definition
of the ultrafilter x € U iff (j(a) : a <) € k() to be given in V[G,, * G, ].

We construct H in stages. In M, as § = d,, is the critical point of j,

§(Pay * Qhy) = Pag * Rl R R,

(I

where R/, will be a term for the full support iteration of (P9, % (P} \[Sx] x
P2,[Sh]) : 67 < XA <y and A is regular) « (PS_ x P} _[S,]) (note that as MY C M,
GCH implies that M = “6 is A supercompact” if A < v is regular, so since M | “§
is not v supercompact”, R;O is indeed as just stated), RZO will be a term for
the rest of the portion of j(P,,) defined below j(§), and R’OZJ will be a term for
](ng) This will allow us to define H as Hy, * H), * H/| + H/!. Factoring G/,  as
(GO A *(GL A x G2 ) 67 < A< and A is regular), we let Hy, = Go, and

H,, = (G *(GL\x G2 )67 <X <~and X is regular ) (GEw * Giw>.
Thus, HY,, is the same as G, , except, since M |= “0 is not v supercompact”, we
omit the generic object wa.

To construct H/ , we first note that the definition of P ensures |P,,| = ¢ and,

[eToRi

since ¢ is necessarily Mahlo, P, is é6-c.c. As V[G,,] and M[G,,] are both models
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of GCH, the definition of R|, in M[H,,], Lemmas 4, 5, and 8, and the remark
immediately following Lemma 5 then ensure that M[H,,] = “The portion of R,
below « is y*-c.c. and the portion of R, at v is a y-strategically closed partial
ordering followed by a y*-c.c. partial ordering”. Since M7 C M implies (7+)V =
(7+)M and P,, is 6-c.c., Lemma 6.4 of [Ba] shows V[G,,] satisfies these facts as
well. This means applying the argument of Lemma 6.4 of [Ba] twice, in concert
with an application of the fact that a portion of R, at 7 is y-strategically closed,
shows M[He, * H,, | = M[Ga, * H, ] is closed under v sequences with respect
to V[Ga, * Hy, |, ie., if f v — M[Ha, x H, ], f € V[Gqa, * H}, ], then f €
M([Hq, x H], ]. Therefore, as M[Hq, * H}, )] = “R}, is both y-strategically closed
and < y*-strategically closed”, these facts are true in V[Ga, * H, | as well.

Observe now that GCH allows us to assume vt < j(8) < j(67) < v**+. Since
M|Hq, * H, ] = “|Ry | = j(6) and [P(R})| = 7(6%)” (this last fact follows
from GCH in M[Hy, * H],]), in V[Gqa, * H}, ], we can let (Dy : o < 7T) be
an enumeration of the dense open subsets of R, present in M[H,, * H,, ]. The
< vy *-strategic closure of R in both M[H,, * H, ] and V[Gy, * H, ] now allows
us to meet all of these dense subsets as follows. Work in V[Gq, * H/, ]. Player I
picks po € D, extending sup((gs : # < «)) (initially, ¢_; is the trivial condition),
and player II responds by picking ¢, > po (50 go € Dg). By the < yt-strategic
closure of R}, in V[Gq, * Hy, ], player II has a winning strategy for this game, so
(qa : @ < yT) can be taken as an increasing sequence of conditions with g, € D,, for
o <~t. Clearly, H ={p e R} :3a <~y [qa > p]} is our M[H, * H], ]-generic
object over R, which has been constructed in V[Ga, * H, | C V[Gq, * G, ], s0
Hy € V[Ga, * G, ]

To construct H C’,f; , we note first that, as in our remarks in Lemma 8, since vy
must be below the least inaccessible > § and v is regular, v = o for some o.
This allows us to write in V[Gq,] Qr,, = Qu, * g/o, where Q7 is the full support
iteration of (P, * (Pj)A[S’,\] X Pf)\[S’,\] : 67 < A < o and A is regular) and
Qg; is a term for B * (ij[sw] X PEW[S’V]) This factorization of @7, induces
through j in M([Hq, * H], = H] | a factorization of Rl into Rj Rgg = (the
full support iteration of (PJ , * (Pul)))\[s,\] X Pf)A[S,\]) :j(67) <X < j(o) and X is

regular} * <P¢8)j(V) * (Pu117j(’7) [SJ(’Y)] X Pf)j(V) [SJ(’Y)])>

Work now in V[Ga, * H;, |. In M[Hq, * H, ], as previously noted, Ry, is 7-
strategically closed. Since M[H,, * H,, ] has already been observed to be closed
under y sequences with respect to V[G o, *H,, ], and since any v sequence of elements
of M[Ha, * H], * H ] can be represented, in M[H,, * H}, ], by a term which is
actually a function f : v — M[H, * H), )], M[Ha, * H,, * H] | is closed under
7y sequences with respect to V|G, * H], |, i.e., if f : v — M[Hy, x H,, * H, ],
[ €VI[Ga, * H., ], then f € M[Hy, x H}, + H] |.

Factor (in V[Ga, * GY,]) G,y as G Glr, with G = (G2, * (Gl \ x G2 ) :
6t < X < o and A is regular) and GU = GO * (Gl x GZ ), where G7, is
the projection of G, onto Qf and G/ is the projection of G, onto Q. By
our definitions, Qi € V[Gq,]| and G}, € V[Ga, * H},]. Also, our construc-
tion to this point guarantees that in V[Go, * H,, ], the embedding j extends to j*:
VI(Gao] = M[Huyx H), xH ]. Thus, as GCH in V[Gq, * H), | implies V[Gq, * H, |
E 4Qu,| = |G7,| = 77, the last paragraph implies {j*(p) : p € Gi } €
M(Hay % b+ HE ). Since {5*(p) s p € G, } € RS, M{Ha, « Hy, + HI,) = °RY,
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is equivalent to a j*(6) = j(8)-directed closed partial ordering”, and j(6) > =,
q =sup{j*(p) : p € G7, } can be taken as a condition in R .

Note that GCH in M[Hq, * H), * H/ ] implies M [Hq, * H, * HJ ] = “|R% | =
J(7)”, and by choice of j : V- — M, V[Ga,xH}, | = “7(7)] = 7" and [j(yF)| =+
Hence, as the number of dense open subsets of Rio in M[Hg, * Hc’,tD * H]J ] is
(2j(7))M[H“0*H‘;0*Hg0] = (j(w)‘*‘)M[H"‘O*H‘;o*Hgo} which has cardinality (y*)V =
(7+)V[GQO*H;0], we can let (Dy : @ <) € V[Gq, * H],,] enumerate all dense open
subsets of Ry in M([Hqa, * H), +H/ ]. The v-closure of R} in M[Hq, + H}, «H/ ]
and hence in V|[Gq, * H}, | now allows an M[H,, * H), + H// ]-generic object Hj
over R%  containing ¢ to be constructed in the standard way in V[Ga, * H} J;
namely let go € Do be so that gy > ¢, and at stage a < 4T, by the 7-closure of
R%O in V[Ga04>x< H, ], let go € D, be so that g, /2 sup({gg : B </ a>?. As before,
H, ={peR,, 3a<~tqga >pl} € V[Ga, *x H, ] C V[Gq, * G, ] is clearly our
desired generic object.

By the above construction, in V[G4, * G, ], the embedding j* : V[Ga,] —
M[Hqu, * H),, * H]] | extends to an embedding j** : V[Ga, * G5 ] — M[Hg, *
H/, * H] *H, ] We wil be done once we have constructed in V[Gq, * G/, ]
the appropriate generic object for Rgo = PBJ(w * (Puluj(v) [Sj)] % Pﬁ,j(v) [Sjn]) =
(Ptg,j(y) * Pfuj(v) [Sien]) * Pti,j(v) [Sj(p]. To do this, first rewrite Gl as (GY, ., *
G2, .,) * G, . By the nature of the forcings, GY, ., * G2, is V|G, * G7y |-generic
over a partial ordering which is (v, co)-distributive. Thus, by a general fact about
transference of generics via elementary embeddings (folklore; see [C, Section 1.2,
Fact 2, pp. 5-6]), since j** : V[Gq, * Gi,] — M[Ha, * H,, « Hll * H} ] is so that
every element of M[Hy, x H, * H! +HJ | can be written j**(F)(a) with dom(F)
having cardinality v, j**"GY, , *G? , generates an M[Hy, + H|, *H/ * H, ]-generic
set HY, .

It remains to construct HS , our M[Hq, * H}, « HJ * H3 « H} ]-generic ob-
ject over Pl)j(,y) [Sj(y]- To do this, first note that H} (which was constructed in

VI[Ga, * H,]) is M[Hq, * H], * H ]-generic over R , a partial ordering which
in M[Ha, * H}, + H]] ] is j(6)-closed. Since j(6) > v and M[H,, * H}, * H} ] is
closed under 7 sequences with respect to V|G, * H;, |, we can apply earlier rea-
soning to infer M[Hq, * H, * H] * H éo] is closed under 7y sequences with respect
to V[Ga, * H) |, ie., if f:y — M[Hy, « H), * H] « H} ], f € V[Gq, * H], ], then
feM[Hy, «H], «H «Hj].

Choose in V[Gy, * G}, ] an enumeration (pq : @ < ") of GL, . Working now in
V[Ga, * G, ], let f be an isomorphism between (a dense subset of) PJ _[S,] and
Q}. This gives us a sequence (f(pa) : @ < y%) of ¥ many compatible elements
of Q1. Letting p), = f(pa), we may hence assume that I = (pl, : &« < 7T) is an
appropriately generic object for Q,ly By Lemma 6, V[G o, +G7, *Ggﬁ*G&w*Giﬁ] =
V[Ga, * Gl ] and V[Go, * Gi + GO+ Gl | = V[Ga, * H, | have the same
sequences of elements of V[G,, * G, ] and hence of V|G, * H,,]. Thus, any v
sequence of elements of M[Hy,* H), «H/, *H}, | present in V[Gq, G, | is actually
an element of V[Gq, * H, ] (so M[Ha, * H,, « H/ + Hj ] is really closed under ~
sequences with respect to V[Gq, * G, ]).

For a € (v,7") and p € Q}, let pla = {{(p,0),n) € Q} : 0 < a} and I|a =
{pla:peI}. Clearly V[Gq, * G, )| = “|I|a = 7 for all o € (,7T)”. Thus, since
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}('y) € M[Hg, xH), «H} «H} | and M[Hq, x H}, * H «H} | |= “le.(,y) is j(7)-
directed closed”, the facts M[Hq, *H/, *H «H} ]is closed under  sequences with
respect to V[Gq, * G, ] and I is compatible imply that ¢, = U{7**(p) : p € I|a}
for a € (v,7") is well-defined and is an element of leﬁ). Further, if (p,0) €
dom(qa)—dom(ﬁg q3) (BL<J dp € Q] as M[Ho+H], +H{| «H} ]is closed under ~
sequences with respect to V[Gq, * G, ]), then o € [ J j(8),j()). (If o < U j(B),

B<a B<a

then let 8 be minimal so that o < j(3), and let p and o be so that {p, o) € dom(ga).
It must thus be the case that for some p € I|a, {(p,0) € dom(5**(p)). Since
by elementarity and the definitions of I|8 and I|«, for p|8 = ¢ € I|8, j**(q) =
7 (p)|7(B) = 7**(p|B), it must be the case that (p, o) € dom(;**(¢q)). This means
(p,0) € dom(gg), a contradiction.)
We now define an M[Hy, * H},  H} * H} * H3 ]-generic object HS over
}('y) so that p € f"GL _, implies j**(p) € HSO. First, for 3 € (j(v),j(vT)), let

Q;(g) € M[Hy,xH], +H] *Hg’;o] be the forcing for adding 8 many Cohen subsets to

jly), ie., Q;ﬁ) ={g:j(v) x B8 —{0,1} : g is a function so that |[dom(g)| < j(7)},
ordered by inclusion. Next, note that since M[Hq,* H}, «H) «Hi «H} | = GCH,
M[Heqy % Hiyy + HY x Hy o+ HY L Q) 18 j(7F)-c.c. and Q) has j(yT) many
maximal antichains”. This means that if A € M[Hq, * H), «H} «Hj * HJ |is a
maximal antichain of le‘(v)’ then A C Q;(g) for some 3 € (j(v),j(y™)). Also, since
V CVI[Gao*xGh,] € V[Gay*xH,, | C V[Ga,xGy, ] are all models of GCH containing
the same cardinals and cofinalities, V[Gq, * G/, ] = “[i(71)| =~T”. The preceding
thus means we can let (A, : a < 77) € V[Gq, * G, ] be an enumeration of the
maximal antichains of Q}('y) present in M[Hq, « H), « HJ * Hi * H} 1.

Working in V[Gq, *GY,, |, we define now an increasing sequence (rq : o € (7,77))
of elements of Q}(v) so that Va < vT[ra > ¢o and r, € Q;(JV ()a)] and so that
VA € (Ay : a € (v,77))3B € (v,77)Ir € Alrg > r]. Assuming we have such
a sequence, HS? = {p € le.(,y) 2 3r € (ro s a € (y,97))[r > p]} is our desired
generic object. To define (rq : @ € (y,7™)), if a is a limit, we let ro, = |J rg. By

f<a
the facts (g : 3 € (v,7")) is (strictly) increasing and M[Hq, * H), * H| * H |
is closed under v sequences with respect to V[Gq, * G5, ], this definition is valid.
Assuming now r, has been defined and we wish to define 741, let (Bg: 3 <n <~)
be the subsequence of (Ag : f < «a + 1) containing each antichain A so that

AC Q;EJV()&H)' Since o, 7o € Q;&JV()QX Gat1 € Q;&i()aﬂ), and j(a) < j(a+ 1), the
condition 7, | = 7o U ga+1 is well-defined, as by our earlier observations, any new
elements of dom(ga+1) won’t be present in either dom(g,) or dom(r,). We can
thus, using the fact M[Hq, * H}, * H/ = H} ] is closed under v sequences with
respect to V[Gq, * G, ], define by induction an increasing sequence (sg : 3 < 1) so

that s > 7,1, s, = U s if p is a limit, and sg11 > sp is so that sz extends
B<p
some element of Bg. The just mentioned closure fact implies r7o+1 = |J sp is a
B<n
well-defined condition.
In order to show Hp; is M[Ha, * Hy, * Hyy, + Hp, + H, [-generic over Qj ., we

must show that VA € (A, : a € (,77))3B € (v,7T)3r € Afrg > r]. To do this, we
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first note that (j(a) : @ < 4T) is unbounded in j(y1). To see this, if 3 < j(vT) is

an ordinal, then for some g : v — M representing 3, we can assume that for A < v,

g(A\) < yF. Thus, by the regularity of v+ in V, By = |J g(A) <+, and j(Bo) > 5.
A<y

This means by our earlier remarks that if A € (4, : @ <), A= A,, then we

can let 3 € (v,7T) be so that A C Q;&()B). By construction, for n > max(8, p),

there is some r € A so that r, > r. Finally, since any p € Q# is so that for some
a € (7,7h), p=pla, HE? is so that if p € f”G}‘w, then j**(p) € HS'.
Note now that our earlier work ensures j** extends to

7 V[Gag x Gl % G % GE ] — M[Hg, « H, x HY o« Hy o« Hp .

By Lemma 4, the isomorphism f is definable over V[Gq, * Gl * G, * G2 _].
This means the notions j***(f) and j***(f~!) make sense, so j***(f) is a definable
isomorphism over M([Hq, * H], = H]| * H,  H} | between (a dense subset of)
Pi,j(y) [Sj(y)] and le‘(v)’ and j***(f~1) is its inverse. If HS = {7***(f~")(p) : p €
HS Y, then it is now easy to verify that HS is an M[Hg, x H) + H}| « H} * H3 -

generic object over (a dense subset of) P! i) [Sj(y)], so that p € (a dense subset

of) P} _[S,] implies j***(p) € HS . Therefore, for H" = Hj * H} * HS and
H = Hu, x Hl, * H * H]!, j:V — M extends to k : V[Ga, * Gi, ] — M[H], so

V[G] E “6 is 7 supercompact” if «y is regular. This proves Lemma 9. [0 Lemma 9

Lemma 10. For vy regular, V[G] |E “6 is v strongly compact iff 6 is v supercom-
pact”.

Proof of Lemma 10. Assume towards a contradiction that the lemma is false, and
let § < v be so that V[G] = “6 is 7 strongly compact, é isn’t v supercompact, =y
is regular, and +y is the least such cardinal”. As before, let 6 = 4, i.e., § is the
ath inaccessible cardinal. If V = “6, is v supercompact”, then Lemma 9 implies
VI|G] E “b64 is 7 supercompact”, so it must be the case that V | “§, isn’t v
supercompact”. We therefore have A\, <~ for A\, the least regular cardinal so that
V | “64 isn’t A, supercompact”.

In the manner of Lemma 9, write P = P, % Qa * Q;, where P, is the iteration
through stage o, Q, is a term for the full support iteration of (PiA * (Pi))\[s,\] X

P2,15)]) 1 6% < A < Ay and X is regular) « (P, * P} [S),]), and Q) is a
term for the rest of P. By our previous results, Ve Qo |= “§, isn’t A, strongly
compact”, and [ p .o “Qf I8 dat1-strategically closed” (where dq+1 is the least

inaccessible > 6, ). It must thus be the case that VParQaxQ, — P E “6q isn’t A,
strongly compact”, so of course, as A, <7, V[G] | “é, isn’t v strongly compact”.
This proves Lemma 10. [J Lemma 10

Lemma 11. For v regular, V[G] = “6 is v supercompact” iff V | “6 is v super-
compact”.

Proof of Lemma 11. By Lemma 9, if V | “§ is v supercompact and + is regular”,
then V[G] &= “6 is v supercompact”. If V]G] E “é is v supercompact and -~ is
regular” but V' |= “6 is not v supercompact”, then as in Lemma 10, for the « so
that 6§ = 64, Ao < v for A, the least regular cardinal so that V | “4, isn't A,
supercompact”. The proof of Lemma 10 then immediately yields that V[G] | “6,
isn’t A\, < 7y strongly compact”. This proves Lemma 11. O Lemma 11
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The proof of Lemma 11 completes the proof of our Theorem in the case when k
is the unique supercompact cardinal in the universe and has no inaccessibles above
it. This guarantees the Theorem to hold non-trivially. O Theorem

3. THE GENERAL CASE

We will now prove our Theorem under the assumption that there may be more
than one supercompact cardinal in the universe (including a proper class of super-
compact cardinals) and that the large cardinal structure above any given supercom-
pact can be rather complicated, including possibly many inaccessibles, measurables,
etc. Before defining the forcing conditions, a few intuitive remarks are in order.
We will proceed using the same general paradigm as in the last section, namely
iterating the forcings of Section 1 using Easton supports so as to destroy those
“bad” instances of strong compactness which can be destroyed and so as to res-
urrect and preserve all instances of supercompactness. For each inaccessible §;, a
certain coding ordinal 6; < §; will be chosen when possible which we will use to de-
fine Py By Pel,_», 1 [S6:.2), and P(,Qﬁ 4 [S0:.2], where Sp, » is the non-reflecting stationary
set of ordinals of cofinality #; added to A* by P ,. We will need to have different
values of 0;, instead of having ; = w as in the last section, so as to destroy the A
strong compactness of some ¢ and yet preserve the A supercompactness of a &' # 8§
when necessary. When 6; can’t be defined, we won’t necessarily be able to destroy
the X strong compactness of §;, although we will be able to preserve the A super-
compactness of §; if appropriate. This will happen when instances of the results of
[Me] and [A] occur, i.e., when there are certain limits of supercompactness.

Getting specific, let (§; : ¢ € Ord) enumerate the inaccessibles of V' = GCH, and
let A; > 8; be the least regular cardinal so that V' | “6; isn’t \; supercompact” if
such a A; exists. If no such \; exists, i.e., if §; is supercompact, then let \; = €,
where we think of 2 as some giant “ordinal” larger than any « € Ord. If possible,
choose 0; < ¢; as the least regular cardinal so that 6; < ¢; < ¢6; implies A\; < 6;
(whenever j < ). Note that 6; is undefined for ¢; iff §; is a limit of cardinals which
are < 0; supercompact, because for j < ¢, if §; is < ¢; supercompact, then A; > 6;.

We define now a class Easton support iteration P = ((P,, Q) : a € Ord) as
follows: 1. Py is trivial. 2. Assuming P, has been defined, P,+1 = P, * Qa,
where Qa is a term for the trivial partial ordering unless « is regular and for some
inaccessible 6 = §; < a with 0; defined, either §; is a supercompact or a = \;. Under

these circumstances @, is a term for ( I1 (Py, o * Pj. o[56:.a]) *
{i<a:8;is a supercompact}

H Pt91¢7a[sei)a]> X ( H PGOi,a * H Péi,a[50i7a]) =
{i<a:6; is a supercompact} {i<aza=\;} {i<aza=\;}
(P9 % P1) x (P2 % P3), with the proviso that elements of P? and P? will have
full support, and elements of P; and PS will have support < a. Note that unless
[{i < a:6; is < a supercompact}| = a, the elements of P’ will have full support
fori=0,1,2,3.
The following lemma is the natural analogue to Lemma 8.

Lemma 12. For G a V-generic class over P, V and V|G| have the same cardinals
and cofinalities, and V|G| = ZFC + GCH.

Proof of Lemma 12. We show inductively that for any o, V and V%= have the
same cardinals and cofinalities, and V> = GCH. This will suffice to show V[G] =
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GCH and has the same cardinals and cofinalities as V, since if R is a term so that
P, R = P, then || p, “The iteration R is < a-strategically closed”, meaning
VPexR and VP have the same cardinals and cofinalities < « and GCH holds in
both of these models for cardinals < a.

Assume now V and Ve have the same cardinals and cofinalities, and Ve |=
GCH. We show V and VFet1 = VPa*Q@a have the same cardinals and cofinal-
ities, and VFet1 = GCH. If Qo is a term for the trivial partial ordering, this
is clearly the case, so we assume Qa is not a term for the trivial partial order-
ing. Let @/, be a term for (PS « Py x (I (P o * P} o[%,q]) * P2) =

{i<o:a=X\;}
(P9 % P1) x (P! % P3), where as earlier, the elements of P9 and P? will have

full support, and the elements of P; and PS will have support < a. We are

now able to rewrite Q’, as ( IT (P o * szi)a[SGi,oz])) *
{i<a:é; is a supercompactor a=X\;
( I1 Py, ,[S6:.a]) = P3 * PS, where the elements of P;

{i<a:é; is a supercompactor a=X\;
will have full support, and the elements of Pg will have support < a. By Lemma 4,
in VFe each Pfg,a*(P(}i,a[S’Gma] X P(i,a[géi,a]) is equivalent to Q% *QL. We therefore
have that in V=, @, is equivalent to ( [ Q%) * ( [T QL), where v = |{i < a : §; is
B<y B<y
« supercompact or & = \; }| (7 is a cardinal in both V and V= by induction), i.e.,
the full support product of v copies of QY followed by the < a support product of
7 copies of QL. Since v < a, J] QY is isomorphic to the usual ordering for adding

B<y
v many Cohen subsets to ot using conditions of support < a*, and since [] QL is
B<y
composed of elements having support < «, [] QL is isomorphic to a single partial

B<y
ordering for adding a™ many Cohen subsets to « using conditions of support <a

Hence, VPa*Qa and VFPe have the same cardinals and cofinalities, and V PaxQ E
GCH, so VI «*Qu and V have the same cardinals and cofinalities. And, for G,
the projection of G onto P,, if H is V[G4]-generic over @, for any i < a so that
o = \;, we can omit the portion of H generic over P§ _[Ss, o] and thus obtain a
V[Gal-generic object H' for Q,. Since V C V[G4][H'] C V[G4][H], as in Lemma
5, it must therefore be the case that V, VFe*@a = Y Pet1 and VPa*Qa all have the
same cardinals and cofinalities and satisfy GCH.

To complete the proof of Lemma 12, if now « is a limit ordinal, the proof that
V and V%= have the same cardinals and cofinalities and V= = GCH is the same
as the proof given in the last paragraph of Lemma 8, since the iteration still has
enough strategic closure and can easily be seen by GCH to be so that for any § < «,
|Ps| < a. And, since for any a, || 5 “Qq is < a-strategically closed”, all functions
f:y— Bfor ¥ < aand 3 any ordinal in V|G| are so that f € V. Thus, since
P is an Easton support iteration, as in Lemma 8, V[G] satisfies Power Set and
Replacement. This proves Lemma 12. [J Lemma 12

We remark that if we rewrite Q, as (P2 x P?) % (P! x P3), then the ideas used
in the proof of Lemma 12 combined with an argument analogous to the one in
the remark following the proof of Lemma 5 show |- Pa*(POXP2)“P014 x P3 is at-

c.c.” Also, by their definitions, |-, “PY x P? is a-strategically closed”. These
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observations will be used in the proof of the following lemma, which is the natural
analogue to Lemma 9.

Lemma 13. If 6 <~ and V |= “6 is v supercompact and v is reqular”, then for G
V-generic over P, V|G| = “6 is v supercompact”.

Proof of Lemma 13. We mimic the proof of Lemma 9. Let j : V — M be an
elementary embedding witnessing the v supercompactness of § so that M = “§ is
not v supercompact”, and let ag be so that 6 = 6,,-

Let P = Ps % Qg * R, where Ps is the iteration through stage 6, Qg is a term
for the iteration ((P,/Ps, Qa> 6 < a<w), and R is a term for the rest of P. As
before, since || Py, “R is y-strategically closed”, the regularity of v and GCH in

VPs*@ mean it suffices to show VFe*@% E “6 is v supercompact”.

We will again show that j : V — M extends to k : V[Gs * G5] — M[H] for some
H C j(P). In M, j(Ps* Q%) = Ps * R} * Rg * RY', where R will be a term for
the iteration (as defined in M7%) ((P,/Ps,Qq) : 6 < a < 7), RY will be a term
for the iteration (as defined in MPE*RQ) ({Po/Pys1,Qua) : v+ 1 < a < j(6)), and
RY" will be a term for the iteration (as defined in MPé*Ré*Rg/) <<Pa/Pj(5),Qa> :
J(6) < a < j(v)). By the facts that GCH holds in both V and M, M"Y C M, and
M = “6 is < 7 supercompact but § is not v supercompact”, Rg will actually be a
term for the iteration ((Pa/Ps, Qa): 6 < v < ) ((PY % P1) x (P2 x P3)), where
the term for the iteration ((P,/Ps,Qqa) : 6 < a < ~) is the same as in V, any term
of the form (]'3901_)V * Pfi,y[gem]) * Paliﬁ[sﬂﬁ] appearing in Rj (more specifically,
in P$ * Pvl) is identical to one appearing in Q}, and if Pgiﬁ * Peli),y[SQiﬁ] appears
in R} (more specifically, in P7 x P?), then either it appears as an identical term
in Q%, or (as is the case, e.g., when i = ag and 6; is defined) it appears as the
term (Pgiﬁ * Peiﬁ[sﬂﬁ]) * Péli,y[gt‘hw] in Q5. This allows us to define Hs = Gy,
where G5 is the portion of G V-generic over Ps, and H; = K * K', where K is the
projection of G onto ((Py/Ps,Qa): § < a <~) and K’ is the projection of G onto
(P2 % PL) x (P2 P3) as defined in M.

To construct the next portion of the generic object HY, note that as in Lemma
9, the definition of Ps ensures |Ps| = § and P;s is 6-c.c. Thus, as before, GCH in
V[Gs] and M[Gs], the definition of Rj, the fact MY C M, and some applications
of Lemma 6.4 of [Ba] allow us to conclude that M[Hs * Hg| = M[Gs = Hg] is closed
under v sequences with respect to V[Gs * Hg]. Thus, any partial ordering which
is < yT-strategically closed in M[Hs * Hf| is actually < yt-strategically closed in

Observe now that if (T}, : a < ) is so that each T, is < pT-strategically closed
for some cardinal p, then [] 7T, is also < pT-strategically closed, for if (f, : @ < 1)

a<n
is so that each f, is a winning strategy for player II for T,, then [] fa, i-e., pick
a<n
the ath coordinate according to f,, is a winning strategy for player II for [] T,.

a<n
This observation easily implies || p , i “R;’ is < y*-strategically closed” in either
V|Gs * Hg] or M[Hs * Hg]. The definition of the iteration R} then allows us, as in
Lemma 9, to construct in V[Gs * Hg] C V[Gs * G| an M[Hs x H{]-generic object
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HY over RY. As in Lemma 9, M[Hs « H; « H{] is closed under ~ sequences with
respect to V[Gs * Hj].

Write R} as R} x R;;’, where R} is a term for the iteration <<:Pa/Pj(.§),Qof> :
J(6) < a < j(v)) and R} is a term for Q). Also, write in V Qf = QY * QY’,
where Qg’ is a term for the iteration ((P,/Ps, Qa> 16 < a <) and Qg' is a term
for Q,, and let G = GY * GY' be the corresponding factorization of G%. For any
non-trivial term Q, = (P * P1) x (P2 x P3) appearing in R}, Lemma 4 and the
fact that elements of Pg will have full support and elements of Polz will have support
< o imply that in M, for T = Ps % Ry « R}/ « ((Pg/Pj(5),Q5> 2j0) < B <) |p
“(a dense subset of) PO % P! is yt-directed closed”. Further, if a € [5(6),7(v)] is
so that for some i, @ = \;, then it must be the case that j(8) < é;, for if §; < (),
then by a theorem of Magidor [Ma2], since M = “§; is < j(6) supercompact and
7(6) is j(v) supercompact”, M | “6; is j(y) supercompact”, a contradiction to the
fact M = “a = X\ < j(v)”. Hence, by the definition of 6;, it must be the case
that j(8) < 0;, i.e., since j(§) > =, 6; > ~. This means ||»T“P(9i7a and Peliﬂ[Sgi,a]
are T -directed closed”, so as elements of PO% will have full support and elements of
P3 will have support < a, |- “P2 % P3 is y*-directed closed”, i.e., ||, “(A dense
subset of) (P9 % P1) x (P2« P3) is yT-directed closed”. Thus, in M, |- Pys Rty
“(A dense subset of) R} is yt-directed closed”. Therefore, using the extension of
j, j* : VIGs] — M[Hs = H; » H{] which we have produced in V[Gs * H{], the
fact that GCH in M[Hs * H} x H!'] implies M[Hs « H} x H] = “|R}| = j(7) and
2000 = j(v1)”, V[Gs * HY) = “|j(7T)| = ()Y =477, and the closure properties
of M[Hs* Hj * H{'|, we can produce in V[Gs * Hf] as in Lemma 9 an upper bound
q for {j*(p) : p € G¥} and an M[Hs * H} * H}]-generic object Hg for R} so that
q € H}. Again, as in Lemma 9, M[Hs * H} * H} x H}] is closed under v-sequences
with respect to V[Gs * Hg]. Therefore, by the remarks after the proof of Lemma
12 and the proof of Lemma 6, M[Hs « H} x H x HJ] is closed under y-sequences
with respect to V[Gs * G%].

Rewrite Rg’ as

( 11 (B3, 52) * Pirjon [S0:.50))
{i<j(~):6; is j() supercompact}
50
X 11 Py, i)

{i<i(m):d(v)=Ai}

* ( 11 By, i [90..5m)])

{i<j(~):6; is j(y) supercompactor j(vy)=X;}

= RS« R,

where all elements of RS will have full support, and all elements of R will have
support < j(7). By our earlier observation that products of (appropriately) strate-
gically closed partial orderings retain the same amount of strategic closure, it
is clearly the case that @7, the portion of @, corresponding to RS, ie., Q=
0 2 ¢ 0 ;
PR | S (Pew * P0i7'y[591>’7]) X {i<’yl;[:)\i}P9M, is ~-strategically
closed and therefore is (v, o00)-distributive. Hence, as we again have that in
V[Gs * Hj], j* extends to j** : V[Gs x GY] — M[Hs x Hj * H} * H}], we can
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use j** as in the proof of Lemma 9 to transfer G, the projection of G’ onto Q%
via the general transference principle given in [C], Section 1.2, Fact 2, pp. 5-6, to
an M[Hs x H; x H! » H}]-generic object H} over RY.

By its construction, since p € Gj implies j**(p) € HZ, j** extends in V[Gs *
Gy to j*** : V[Gs x GY * G| — M[Hs «+ H; «+ Hf x Hy « H?]. And, since R?
is y-strategically closed, M[Hs x H} x H] x H} x H?] and M[Hs * H} x H % H}|
contain the same 7 sequences of elements of M[Hs * Hj x H} * Hg] with respect
to V[Gs * G5]. As any v sequence of elements of M[Hs x Hy « H} x H} « H?] can
be represented, in M|[Hs x H} x H * Hj], by a term which is actually a function
f v — M[Hs* Hj « H] x Hj], and as M[Hs * H} x H x H] is closed under v
sequences with respect to V[Gs = G|, M[Hs x H} x H « H} x H?] is closed under
v sequences with respect to V[Gs * Gf].

It remains to construct the M[Hs* Hj* H{ x H} » H7]-generic object HY over RY.
To do this, take Q7" to be the portion of Q., corresponding to R}, ie., Q5" isthe <~
support product I Peli.»y[st‘hw]v with G} the projection

{i<~v:6; is 7 supercompactor y=X\;} /

of G§' onto Q%" Next, for the purpose of the remainder of the proof of this lemma,
if p € RS and i < j(vy) is an ordinal, say that i € support(p) iff for some non-trivial
component j of p, p € Py j(y)- Analogously, it is clear what i € support(p) for
p € Rl means. Now, let A = {i < j(v) : For some p € j**'G%, i € support(p)},
and let B = {i < j(y) : For some ¢ € R, i € support(q) but i ¢ support(p)
for any p € j**"G3}. Write A = Ag U Ay, where Ag = {i € A : j(y) = \;} and
Ay ={i € A:j(y) # N} Note that since HY = {q € R} : 3p € j**"G}lq < pl},
A, Ao, A1, B € M[Hs* H} x Hl x H} x H?].

If i € Ay, then by the genericity of Hp, Peli,j(y) [S6,,j(y)] contains a dense sub-
ordering P given by Lemma 4 which is isomorphic to Q}(w. Hence, we can infer
that the (< j(v) support) product [] P; is dense in the (< j(v) support) product

K3
€A

11 Peli i) (S0, j()]- We thus without loss of generality consider [] P; instead
i€A ’

K3
i€A
of [ Py i S05,j(x)]- Further, if i € Ao, then since j(vy) = Ai, by our earlier
€A v

remarks, 0; > . This means Py, ;. [Se, j(»)] is 7 -directed closed. -
As we observed in the proof of Lemma 4, for any i € A and any (w*, at, 7, Z") €
Peli o) [S6,.j(7)]; the first three coordinates (w’,a’,7") are a re-representation of an
1

element of Q! _.. Since the < j(v) support product of j(y) many copies of Q? _, is
() 3

isomorphic to le‘(v)’ for any condition
b= <<wz’ alv FZ, Z1>i<50<j(’y)’ <wz, O‘Za ’sz Zz>i<21<j('y)>

1 *
€ H PHi,j('y)[SGivj(’Y)] x H Py
i€Ap 1€A
we can in a unique and canonical way write p as (p, Z), where p € Q}(v) and
Z = {Z":i <ty < jy),{Z" i < £ < j(v))). Further, this rearrangement
can be taken so as to preserve the order relation on _61_1[4 Péli,j(v) [S6, ()] X .61_1[4 P¥.
7 0 2 1
. . . 1

Therefore, since our remarks in the last paragraph imply z‘el—,laxopei’ i) (S0, ()] *
[T P7 is y-directed closed, the fact that M[Hs * Hj x H x H} x H}] is closed

3
€A,

under 7 sequences with respect to V[Gs * G%] means that we can in essence ignore
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each sequence Z as above and apply the arguments used in Lemma 9 to construct
the generic object for Q}('y) to construct an M[Hgs* H}* H} x H} x H?]-generic object

HY for [ Py [Sa, jn]x 1 P. Asbefore, since ] By ., [So,.500]x I Pr
i€ Ag i€A7 i€ Ag €A

is y*-divected closed, M[Hps * Hj+ HY % Hi x H? x H.'°] is closed under ~y sequences
with respect to V[Gs * Gf].
By our remarks following the proof of Lemma 12 and the ideas used in the remark
following the proof of Lemma 5, [] P(}i_j(,y) [So, (] is j(vF)-c.c. in M[Hs x H§ *
i€B

Hy « Hy % H}] and M[Hs* Hj H  Hi « Hy « Hy°]. Since [] P}, () [S0, (] is a
iceB "’

< j(7) support product and Peli,j(y) [So,.j()] has cardinality j(y") in M[Hs * Hj *
HY  Hf + H} + HY") for any i < j(v), [1 P, () 190,,5(+)] has cardinality j(y*) in
ieB

M|[Hs * H x H + H} x H? x H_'°]. We can thus as in Lemma 9 let (A, : a < y%)
enumerate in V[Gs * G§] the maximal antichains of ']é_[BPHIi)j(’Y) (S0, 5(v)] with respect

to M[Hs* Hyx H{ « H « H) * Hg’o], and we can once more mimic the construction

in Lemma 9 of H to produce in V[Gs * Gs] an M[Hs* Hj « H] « H§ » HJ * H5Y)-

generic object H?’l over [] Pel,_» i) [So, j(y)]- If we now let Hf = H?O « Hg’l and
i€eB "

H = Hs+« Hj « H x H} «x H} x H}, then our construction guarantees j : V. — M
extends to k : V[Gs x G5] — M[H], so V[G] = “6 is y supercompact”. This proves
Lemma 13. 0 Lemma 13

We remark that the proof of Lemma 13 will work whether or not 6,, is defined.
We prove now the natural analogue of Lemma 10.

Lemma 14. For~ regular, V|G| = “6 is~y strongly compact iff 6 is vy supercompact,
except possibly if for the i so that 6 = 6;, 0; is undefined”.

Proof of Lemma 14. As in Lemma 10, we assume towards a contradiction that the
lemma is false, and let 6 = 8;, < v be so that V[G] = “6 is «y strongly compact, §
isn’t v supercompact, 6;, is defined, v is regular, and « is the least such cardinal”.
Since Lemma 13 implies that if V' |= “4 is v supercompact”, then V[G] = “6 is v
supercompact”, as in Lemma 10, it must be the case that A\;; <.

Write P = Py, * Q/\io % R, where Py,, is the forcing through stage A;,, QMO isa
term for the forcing at stage \;,, and R is a term for the rest of the forcing. In Vo ,
since V |= “6 = é;, isn’t \;, supercompact”, we can write @ Aip B8 To x Ty, where Ty
10 Mo [591.07)%0], and Tj is the rest of @y, . Since Vo E “To x P90-L0>)\i0
is < \j,-strategically closed” (and hence adds no new bounded subsets of \;, when
*(To ngigv i )

- PO 1
is P9i07>\ig * Py

forcing over Vo ), the arguments of Lemma 3 apply in v o to show

AN B ; )
‘/(Pxi(J *(ToXPgiO,AiO ))*Peigvxio [S9z‘0 ”\io] — VPAI-O *QM‘O ': “61'0 isn’t >\i0 strongly compact
since \;, doesn’t carry a 6;,-additive uniform ultrafilter”.

It remains to show that Vi *@xi*E — P = “bi, ism’t Aj, strongly compact”.
If this weren’t the case, then let & be a term in Vi **i0 so that - 5 “U is a 8;,-
additive uniform ultrafilter over \;,”. Since || Py, #0,, “Ris < )\2; -strategically

closed” and V™0 "% = GCH, if we let (24 : @ < Af) be in V0" g listing
of all of the subsets of A;,, as in the construction of H/; in Lemma 9, we can let
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(roa : @ < Af) be an increasing sequence of elements of R so that rq||“z € u.
If now in V70 *@io we define U’ by 2o € U’ iff roll “zq € U7, then it is routine
to check that U’ is a 6;,-additive uniform ultrafilter over \;, in Vo *@i0  which

contradicts that there is no such ultrafilter in V"0 *@%o . Thus, V' E “b;, isn’t
i, strongly compact”, a contradiction to V]G] = “6 is v strongly compact”. This
proves Lemma 14. O Lemma 14

Note that the analogue to Lemma 11 holds if 6 = é; and 6; is defined, i.e., for
v regular, V[G] | “6 is v supercompact” iff V = “§ is v supercompact” if § = §;
and 6; is defined. The proof uses Lemmas 13 and 14 and is exactly the same as the
proof of Lemma 11.
Lemmas 12-14 complete the proof of our Theorem in the general case.
O Theorem

4. CONCLUDING REMARKS

In conclusion, we would like to mention that it is possible to use generaliza-
tions of the methods of this paper to answer some further questions concerning the
possible relationships amongst strongly compact, supercompact, and measurable
cardinals. In particular, it is possible to show, using generalizations of the methods
of this paper, that the result of [Me] which states that the least measurable cardi-
nal k¥ which is the limit of strongly compact or supercompact cardinals is not 2"
supercompact is best possible. Specifically, if V = “ZFC + GCH + k is the least
supercompact limit of supercompact cardinals + A > k™ is a regular cardinal which
either is inaccessible or is the successor of a cardinal of cofinality >k + h: k — Kk
is a function so that for some elementary embedding j : V' — M witnessing the
< A supercompactness of k, j(h)(k) = N, then there is some generic extension
VIG] E “ZFC + For every cardinal § < x which is an inaccessible limit of super-
compact cardinals and every cardinal v € [6, h(6)), 27 = h(6) + For every cardinal
v € [k, A), 27 = A + K is < X supercompact + & is the least measurable limit of
supercompact cardinals”.

It is also possible to show using generalizations of the methods of this paper that
if V | “ZFC + GCH + s < X are such that k is < A supercompact, A > x7 is
a regular cardinal which either is inaccessible or is the successor of a cardinal of
cofinality > k + h : kK — k is a function so that for some elementary embedding
j: V. — M witnessing the < A supercompactness of k, j(h)(k) = X, then there
is some cardinal and cofinality preserving generic extension V[G] = “ZFC + For
every inaccessible 6 < x and every cardinal vy € [6,h(0)), 27 = h(6) + For every
cardinal v € [k, A), 27 = XA + k is < X supercompact + & is the least measurable
cardinal”. This generalizes a result of Woodin (see [CW]), who showed, in response
to a question posed to him by the first author, that it was possible to start from
a model for “ZFC 4+ GCH + s < X are such that » is AT supercompact and A
is regular” and use Radin forcing to produce a model for “ZFC + 2% = X\ 4+ k is
6 supercompact for all regular 6 < A + & is the least measurable cardinal”. In
addition, it is possible to iterate the forcing used in the construction of the above
model to show, for instance, that if V' = “ZFC + GCH + There is a proper class of
cardinals x so that x is kT supercompact”, then there is some cardinal and cofinality
preserving generic extension V[G] = “ZFC + 2% = kT iff k is inaccessible + There
is a proper class of measurable cardinals + Vk|[r is measurable iff s is kT strongly
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compact iff s is KT supercompact] + No cardinal x is Kt strongly compact”. In
this result, there is nothing special about x*, and each x can be \ supercompact
for A = kT, A = kT, or \ essentially any “reasonable” value below 2%. The
proof of these results will appear in [AS].
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